The rotation graphs of perfect matchings of plane bipartite graphs  by Zhang, Heping & Zhang, Fuji
DlSCRETE 
APPLIED 
ELSEVIER Discrete Applied Mathematics 73 (1997) 5-l 2 
MATHEMATICS 
Note 
The rotation graphs of perfect matchings of plane bipartite 
graphs 
Heping Zhang a,*, Fuji Zhangb 
i’ Depurtment of Muthemutic.s, Lunzhou University, Lanzhou, Gansu 730000, People’s Republic of Chinu 
b Department of Mathrmatics, Xiamen linioersit~~, Xiomm, Fujian 361OOS. Propl~‘.~ Republic of Chintr 
Received 9 November 1993; revised 22 March 1996 
Abstract 
In the present paper, the minimal proper alternating cycle (MPAC) rotation graph R(G) of 
perfect matchings of a plane bipartite graph G is defined. We show that an MPAC rotation 
graph R(G) of G is a directed rooted tree, and thus extend such a result for generalized polyhex 
graphs to arbitrary plane bipartite graphs. As an immediate result, we describe a one-to-one 
correspondence between MPAC systems and perfect matchings in G. 
1. Introduction 
In 1981, Ohkami et al. [6,7, lo] defined the sextet rotation of Kekuli: patterns (perfect 
matchings) of a benzenoid system (polyhex graph or hexagonal system) and established 
a hierarchical structure of Kekule patterns of a cata-condensed polyhex graph, which 
can be expressed by a directed rooted tree. Later, Chen [l] showed that this property 
still holds for peri-condensed polyhex graphs, as had been conjectured in [lo]. Based 
on this directed rooted structure, Jiang [8] designed an algorithm for generating all 
perfect matchings of polyhex graphs. 
A directed (rooted) tree T is a digraph with a vertex r of outdegree 0 (called the 
root) such that the underlying graph is a tree and T contains a directed path from c to 
r for every vertex v of T. A polyhex graph is a finite connected plane graph without 
cut vertices in which every interior face is bounded by a regular hexagon of side length 
1. In order to simplify the discussion, a polyhex graph is to be drawn so that a pair 
of edges (bonds) of each hexagon lies in parallel with the vertical line. Let the sets 
of the circularly arranged three double bonds as shown in Fig. 1 in a given KekulP 
pattern be called, respectively, proper and improper sextets. It is easy to see that the 
hexagons with proper (improper) sextets are mutually disjoint. Let G bc a polyhex 
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graph with Kekule patterns. Define the sextet rotation (R) as a simultaneous rotation 
of all the proper sextets in a given Kekule pattern Ki into improper sextets to give 
another Kekule pattern Kj, denoted by R(Ki) = Kj. The sextet rotation graph R(G) of 
G is a digraph whose vertices are the Kekule patterns of G, and there is an arc from 
Ki to Kj in R(G) if and only if R(Ki) = Kj. It was shown that R(G) is a directed 
rooted tree and the root corresponds to a unique Kekule pattern with no proper sextets. 
A generalized polyhex graph is a finite subgraph of the hexagonal lattice. Chen [I] 
also extended naturally the concept of the sextet rotation graph of polyhex graphs to 
generalized polyhex graphs, but showed that the previous result does not necessarily 
hold (in fact, the sextet rotation graph of generalized polyhex graphs may be a di- 
rected forest with more than one root). He and He [5] clearly distinguished proper 
and improper alternating cycles in a perfect matching of a generalized polyhex graph 
according as it has an extreme right or left vertical double bond. After a minimum 
proper (improper) alternating cycle had become known as a proper (improper) g-sextet, 
Zhang and Guo [ 1 l] defined the g-sextet rotation graph of a generalized polyhex graph 
and proved that it is a directed rooted tree, which is a generalization of the previous 
result due to Ohkami et al. [lo] and Chen [I]. 
In the present paper we will extend the above concepts and results to arbitrary plane 
bipartite graphs with perfect matchings. It is well known that (generalized) polyhex 
graphs are very special types of plane bipartite graphs with many geometric properties. 
According to the original way of definition of proper and improper sextets, at first it 
is difficult to determine whether an alternating cycle with respect to a given perfect 
matching is proper or improper. For example, in a very simple polyomino graph with a 
perfect matching (the set of double edges) as shown in Fig. 2, the boundary cycles of 
both the cells hi and h2 are alternating of the same shape and have an edge in common. 
2. Definition of MPAC rotation graph R(G) 
Let G be a plane bipartite graph. We always color properly all vertices of G by two 
colors, say black and white, so that two end vertices of each edge are of different colors. 
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A perjkct matching of G is a set of independent edges which saturate all vertices of 
G. From now on, we restrict our attention on finite connected plane bipartite graphs 
G without loops and multiple edges that have a perfect matching. 
Let M be a perfect matching of G. An edge in A4 is said to be an M-double edge; 
otherwise it is said to be an M-single edge. An edge of G is said to be a fixed single 
edge if it belongs to no perfect matching of G. A cycle C (path P) of G is said to 
be an M-alternating cycle (path) if the edges of C(P) belong altematingly to A4 and 
E(G)\M. For each cycle C of G, let us make a convention that the orientation of C 
is clockwise. 
Definition 1. An M-alternating cycle C of G is called a proper M-alternating cycle if 
by our orientation for C, each M-double edge of C goes from its white end vertex to 
its black end vertex (hence each M-single edge of C goes from its black end vertex to 
its white end vertex); otherwise C is known as an improper M-alternating cycle (see 
Fig. 3.). 
Definition 2. Let C be a proper (improper) M-alternating cycle of a plane bipartite 
graph G with a perfect matching M. C is called a minimum proper (improper) M- 
alternating cycle (hereafter abbreviated MPAC (MIAC)) if there is no other proper 
(improper) M-alternating cycle of G the interior of which is contained in the interior 
of C (see Fig. 3). 
Fig. 3 gives two examples of general plane bipartite graphs about MPAC and MIAC. 
In particular, let us consider the MPACs and MIACs in a (generalized) polyhex graph 
G. As usual, we place G on a plane such that some edges are vertical. The peaks (i.e., 
those vertices the neighbors of which lie below them) of G are colored black. It is not 
difficult to see that concepts of proper and improper sextets or g-sextets of G are in 
accordance with concepts of MPAC and MIAC, respectively. This fact is exemplified 
in Fig. 4. 
Fig. 3. (a) hl,h4 are MPACs; h6 is a proper alternating cycle but not an MPAC. (b) Cl is an MIAC: C: 
is an MPAC, but C3 is neither an MPAC nor an MIAC. 
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Fig. 4. hl, h3 and C are MPACs; h2, hd,hs, hg, h7 are MIA& 
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Lemma 3. Let G be a plane bipartite graph with a perfect matching M, and C be an 
MPAC (MIAC). Then either C is the boundary of a certain interior face of G or all 
the edges in the interior of C incident with the vertices of C are fixed single edges. 
Proof. Assume that C is not the boundary of any interior face of G and there exists a 
nonfixed single edge e in the interior of C incident with vertex v on C. There exists a 
perfect matching M’ such that e E M’. Then the symmetric difference M’ AM of M’ 
and M contains an M(M)-alternating cycle C’ intersecting C. Let P = ve.. v’ be a 
path on C’ such that its two end vertices v and v’ lie on C and the internal vertices of 
P lie in the interior of C (see Fig. 5). Since P is an M’- or M-alternating path and its 
(one or two) end edges belong to M’, the two end vertices of P are of different colors. 
Let e’ be the M-double edge on C that is incident upon the end vertex v of P. Then 
paths ve’ . . . v’ on C and ve.. . v’ on C’ form a proper (improper) M-alternating cycle 
the interior of which is contained in the interior of C, which contradicts the minimality 
of an MPAC (MIAC) C. 0 
Lemma 4. Let G be a plane bipartite graph with a perfect matching M, and Ci and 
Cj be distinct MPACs (MIACs) of a perfect matching M of G. Then Ci with its 
interior and Cj with its interior are disjoint. 
Proof. By contradiction. Suppose that Ci with its interior and Cj with its interior 
intersect. If Ci n Cj = 8, then their interior regions overlap, i.e., Ci (or Cj) is in the 
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Fig. 6. The MPAC rotation graph of a polyomino graph 
interior of C, (or Ci), which contradicts the minimality of C, and Cj. So Ci n C, # 8. 
If the interiors of Ci and C, intersect, there must be an edge e of Cj such that e is in 
the interior of C, and incident upon a vertex of Ct. By Lemma 3, e is a fixed single 
edge, which contradicts e being in an M-alternating cycle Cj. Hence the interior of Cj 
lies in the exterior of Ci. It is obvious that Ci n C, is composed of M-alternating paths 
in which two end edges of each one are M-double edges. Let g be an M-double edge 
of Ci f’ C,. If Cj is an MPAC, by the orientation of Ci, g goes from white to black. 
And by the orientation of Ci, g goes from black to white, which shows that C, is an 
improper M-alternating cycle, a contradiction. 0 
For any given perfect matching M of G, by its definition the set of MPACs of M 
is uniquely determined by M. By Lemma 4, any two distinct MPACs are disjoint. So 
we can give the following definition of the rotation operation on perfect matchings. 
Definition 5. The MPAC rotation (R) of a plane bipartite graph G is a simultaneous 
rotation of all MPACs of any given perfect matching M, into improper alternating 
cycles to produce another perfect matching Mj, denoted by R(Mi) = Mj or Mi 3 M,. 
Definition 6. The MPAC rotation graph R(G) of a plane bipartite graph G is a digraph 
the vertices of which are the perfect matchings of G, and there is an arc from Mj to 
Mi in R(G) if and only if R(M;) = Mj (for an example, see Fig. 6). 
3. A property of MPAC rotation graphs 
We now shall prove that the MPAC rotation graph R(G) of a plane bipartite graph 
G is a directed rooted tree. For convenience, the concept of dual graph D(G) is used. 
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Let G be a plane bipartite graph. The dual graph D(G) of G is defined as follows. 
One point placed inside each face of G represents a vertex of D(G), two vertices are 
connected by a line (edge) e* corresponding to an edge e of G (which only crosses 
the edge e of G) if and only if their corresponding faces have an edge e in common. 
Note that the dual graph D(G) is a connected plane graph and may contain loops and 
multiple edges. 
For any given face f of G, the depth of f, denoted by d(f ), is defined as the 
length of a shortest path between two vertices of D(G) corresponding to f and the 
exterior face of G. In particular, if f is the exterior face of G, then d(f) = 0. For 
a cycle C of G, the depth of C is defined as d(C) = minf(d(f )), where f is taken 
over all interior faces of C. 
Lemma 7. Let G be a plane bipartite graph with perfect matchings. Then R(G) has 
no directed cycle. 
Proof. By contradiction. Suppose that there is a directed cycle in R(G). Let Mt 3fM2 
5 . . . % Mt 5 MI denote such a directed cycle of R(G). Without loss of generality, 
assume that C is an MPAC of the perfect matching 1%4t with minimum depth in the Mi, 
i.e., d(C) = minc,{d(C’)}, h w ere C’ is taken over all MPACs of Mi, i = 1,2,. . . , t. 
It is obvious that d(C) > 1. By the definition of d(C), there is a face f of G in the 
interior of C such that d(f) = d(C). There must be a face f I of G in the exterior 
of C such that d(f ‘) = d(f) - 1 and the boundaries of f and f’ have an edge e in 
common. So e E E(C). 
Claim 1. Let Ci be any MPAC of Mj, j = 2,. . . , t. Zf Ci contains the edge e, then 
C = Cj. 
Proof. We first show that the interior of f is contained in the interior of Ci. If f’ 
is the exterior of G, this assertion is obviously true. If d(f ‘) 2 1, and the interior of 
f’ is contained in the interior of Ci, then d(Ci) d d( f ‘) = d(f) - 1 = d(C) - 1, a 
contradiction. Hence the interior of f is contained in the interior of C,. If Ci # C, 
without loss of generality, there is an edge e’ of C in the interior of Ci such that one 
of its end vertices belongs to Ci. By Lemma 3, e’ is a fixed single edge of G, which 
contradicts that C is an Ml-alternating cycle of G. 
Claim2,CisnotanMPACofM,,j=2 ,..., t. 
Proof. Otherwise, in order of increasing subscripts of Mj (j = 2,. . . , t) let MjO be 
the first one satisfying that C is an MPAC of Mj,,, If e is an A41 -double edge, then 
e is an Mi-single edge (2 < i d js). By the clockwise orientation of C, e goes from 
white to black. Hence C is not an MPAC of A4j0, a contradiction. If e $ MI, a similar 
contradiction occurs. 
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By Claims 1 and 2, any MPAC of Mi (i = 2,. . . , t) does not contain the edge e, so 
R(M,) # MI, a contradiction. The lemma is proved. 0 
Corollary 8. Let G be a plane bipartite graph with perfect matchings. Then R(G) 
has exactly one root. 
Proof. By Definitions 5 and 6 we know that the outdegree of each vertex of R(G) is 
either 1 or 0. If every vertex of R(G) has outdegree 1, then R(G) contains a directed 
cycle by the finiteness of R(G), which contradicts Lemma 7. Thus R(G) has a vertex of 
outdegree 0, i.e., a root. In other words, G has a perfect matching M without MPAC. 
More precisely, G has no proper alternating cycle of M. 
If R(G) has two distinct roots A4; and h4j, then Mi AM, must contain an Mi(@j)- 
alternating cycle C. Hence C must be a proper Mj- or Mj-alternating cycle, a contra- 
diction. 0 
Combining Lemma 7 and Corollary 8 with the obvious fact that no vertex of 
R(G) has an outdegree exceeding 1, we immediately have the following main 
theorem. 
Theorem 9. Let G be a plane bipartite graph with perfect matchings. Then the 
MPAC rotation graph R(G) of G is a directed rooted tree. 
As an immediate consequence, we have 
Corollary 10. Let G be a plane bipartite graph with perfect matchings. Then G has 
exactly one perfect matching M without proper M-alternating cycle. 
Remark 11. MIAC rotation graph R(G) of a plane bipartite graph can be defined 
similarly. The corresponding results are still valid. 
4. MPAC systems and perfect matchings 
To conclude this paper, we now describe a one-to-one correspondence between 
MPAC systems and perfect matchings in a plane bipartite graph by using the results 
of the above sections. 
Let G be a plane bipartite graph with perfect matchings and M be any given per- 
fect matching of G. Let S = { Ct, C2,. . , Ct} be a set of t (t 3 0) mutually disjoint 
proper M-alternating cycles. Let S(Ci) denote the subset of S that consists of pre- 
cisely those cycles of S that are distinct from C, and contained in the interior of C,. 
Then S is called an MPAC system with respect to M if every cycle Cj of S is a mini- 
mum proper M-alternating cycle in G - S(C). Similar to the proof of [2, 111, 
we have 
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Theorem 12. Let G be a plane bipartite graph with perfect matchings. Then there 
exists a one-to-one correspondence between MPAC systems and the set of perfect 
matchings of G. 
The theorem generalizes the previous results on polyhex graphs, which had been 
conjectured by Ohkami and Hosoya [9], and proved by Zhang and Guo [2,11]. For 
alternant hydrocarbons, i.e., plane bipartite graphs, such a one-to-one correspondence 
was first investigated by Gutman [4]. There, he claimed that such a relation holds for 
cata-condensed hydrocarbons and showed by an example that the general case needs the 
introduction of a “super ring”. Theorem 12 yields the solution for Gutman’s problem 
[4]. Besides, by our directed rooted tree structure of the set of perfect matchings in a 
plane bipartite graph, we also can design an algorithm starting at one perfect matching 
corresponding to the root of R(G) and generating all perfect matchings of G, as in [3]. 
Here we omit the details. 
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